
sinଶ 𝑥

𝑠𝑖𝑛𝑥
⎯⎯⎯⎯⎯ = 𝑠𝑖𝑛𝑥 sinଷ 𝑥

𝑠𝑖𝑛𝑥
⎯⎯⎯⎯⎯ = sinଶ 𝑥 sinଶ 𝑥 = (𝑠𝑖𝑛𝑥)(𝑠𝑖𝑛𝑥) ≠ 𝑠𝑖𝑛𝑥ଶ

cosଶ 𝑥 = (𝑐𝑜𝑠𝑥)(𝑐𝑜𝑠𝑥) ≠ 𝑐𝑜𝑠𝑥ଶcosଶ 𝑥

𝑐𝑜𝑠𝑥
⎯⎯⎯⎯⎯⎯= 𝑐𝑜𝑠𝑥 

cosଷ 𝑥

cosଶ 𝑥
⎯⎯⎯⎯⎯⎯= 𝑐𝑜𝑠 𝑥 

𝑡𝑎𝑛𝑥 =
𝑠𝑖𝑛𝑥

𝑐𝑜𝑠𝑥
⎯⎯⎯⎯

𝑠𝑖𝑛𝑥

1
⎯⎯⎯⎯×

1

𝑐𝑜𝑠𝑥
⎯⎯⎯⎯

       
𝑠𝑖𝑛𝑥

𝑐𝑜𝑠𝑥
⎯⎯⎯⎯

  = 𝑡𝑎𝑛𝑥 

𝑠𝑖𝑛𝑥

𝑠𝑖𝑛𝑥
⎯⎯⎯⎯ = 1 

𝑐𝑜𝑠 𝑥

𝑐𝑜𝑠𝑥
⎯⎯⎯⎯⎯= 1

𝑠𝑒𝑐𝑥 =
1

𝑐𝑜𝑠𝑥
⎯⎯⎯⎯

    𝑠𝑖𝑛𝑥𝑡𝑎𝑛𝑥

𝑠𝑖𝑛𝑥 ×
𝑠𝑖𝑛𝑥

𝑐𝑜𝑠𝑥
⎯⎯⎯⎯

  =
sinଶ 𝑥

𝑐𝑜𝑠𝑥
⎯⎯⎯⎯⎯

   𝑐𝑜𝑠𝑥𝑡𝑎𝑛𝑥

𝑐𝑜𝑠𝑥 ×
𝑠𝑖𝑛𝑥

𝑐𝑜𝑠𝑥
⎯⎯⎯⎯

     = 𝑠𝑖𝑛𝑥

        
𝑠𝑖𝑛𝑥

𝑡𝑎𝑛𝑥
⎯⎯⎯⎯

     

     
𝑠𝑖𝑛𝑥

ቀ
𝑠𝑖𝑛𝑥
𝑐𝑜𝑠𝑥
⎯⎯⎯⎯ቁ

⎯⎯⎯⎯⎯⎯

𝑠𝑖𝑛𝑥 ÷
𝑠𝑖𝑛𝑥

𝑐𝑜𝑠𝑥
⎯⎯⎯⎯

𝑠𝑖𝑛𝑥 ×
𝑐𝑜𝑠𝑥

𝑠𝑖𝑛𝑥
⎯⎯⎯⎯

   = 𝑐𝑜𝑠𝑥

𝐹𝑙𝑖𝑝 𝑎𝑛𝑑 𝑀𝑢𝑙𝑡𝑖𝑝𝑙𝑦

      
𝑐𝑜𝑠𝑥

𝑡𝑎𝑛𝑥
⎯⎯⎯⎯

  

    
𝑐𝑜𝑠𝑥

ቀ
𝑠𝑖𝑛𝑥
𝑐𝑜𝑠𝑥
⎯⎯⎯⎯ቁ

⎯⎯⎯⎯⎯⎯

𝑐𝑜𝑠𝑥 ÷
𝑠𝑖𝑛𝑥

𝑐𝑜𝑠𝑥
⎯⎯⎯⎯

𝑐𝑜𝑠𝑥 ×
𝑐𝑜𝑠𝑥

𝑠𝑖𝑛𝑥
⎯⎯⎯⎯

    =
cosଶ 𝑥

𝑠𝑖𝑛𝑥
⎯⎯⎯⎯⎯⎯

     
𝑡𝑎𝑛𝑥

𝑐𝑜𝑠𝑥
⎯⎯⎯⎯

   

    
ቀ

𝑠𝑖𝑛𝑥
𝑐𝑜𝑠𝑥
⎯⎯⎯⎯ቁ

𝑐𝑜𝑠𝑥
1

⎯⎯⎯⎯
⎯⎯⎯⎯⎯⎯

𝑠𝑖𝑛𝑥

𝑐𝑜𝑠𝑥
⎯⎯⎯⎯ ÷

𝑐𝑜𝑠𝑥

1
⎯⎯⎯⎯

𝑠𝑖𝑛𝑥

𝑐𝑜𝑠𝑥
⎯⎯⎯⎯ ×

1

𝑐𝑜𝑠𝑥
⎯⎯⎯⎯

    =
𝑠𝑖𝑛𝑥

cosଶ 𝑥
⎯⎯⎯⎯⎯⎯

𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑥

𝑠𝑖𝑛𝑥
⎯⎯⎯⎯⎯⎯⎯⎯= 𝑐𝑜𝑠𝑥

𝑐𝑜𝑠𝑥𝑠𝑖𝑛𝑥

𝑐𝑜𝑠𝑥
⎯⎯⎯⎯⎯⎯⎯⎯= 𝑠𝑖𝑛𝑥 

     
𝑡𝑎𝑛𝑥

𝑠𝑖𝑛𝑥
⎯⎯⎯⎯

     

    
ቀ

𝑠𝑖𝑛𝑥
𝑐𝑜𝑠𝑥
⎯⎯⎯⎯ቁ

𝑠𝑖𝑛𝑥
1

⎯⎯⎯⎯
⎯⎯⎯⎯⎯⎯

𝑠𝑖𝑛𝑥

𝑐𝑜𝑠𝑥
⎯⎯⎯⎯ ÷

𝑠𝑖𝑛𝑥

1
⎯⎯⎯⎯

𝑠𝑖𝑛𝑥

𝑐𝑜𝑠𝑥
⎯⎯⎯⎯ ×

1

𝑠𝑖𝑛𝑥
⎯⎯⎯⎯

      
1

𝑐𝑜𝑠𝑥
⎯⎯⎯⎯

 = 𝑠𝑒𝑐𝑥

      𝑠𝑒𝑐𝑥𝑐𝑜𝑠𝑥 =
1

𝑐𝑜𝑠𝑥
⎯⎯⎯⎯ × 𝑐𝑜𝑠𝑥 =

              
𝑐𝑜𝑠𝑥

𝑐𝑜𝑠𝑥
⎯⎯⎯⎯ = 1

      𝑠𝑒𝑐𝑥𝑠𝑖𝑛𝑥 =
1

𝑐𝑜𝑠𝑥
⎯⎯⎯⎯ × 𝑠𝑖𝑛𝑥 =

              
𝑠𝑖𝑛𝑥

𝑐𝑜𝑠𝑥
⎯⎯⎯⎯ = 𝑡𝑎𝑛𝑥

        𝑐𝑠𝑥𝑐𝑜𝑠𝑥 =
1

𝑠𝑖𝑛𝑥
⎯⎯⎯⎯× 𝑐𝑜𝑠𝑥 =

              
𝑐𝑜𝑠𝑥

𝑠𝑖𝑛𝑥
⎯⎯⎯⎯ = 𝑐𝑜𝑡𝑥

𝑐𝑠𝑐𝑥𝑠𝑖𝑛𝑥 =
1

𝑠𝑖𝑛𝑥
⎯⎯⎯⎯× 𝑠𝑖𝑛𝑥 =

𝑠𝑖𝑛𝑥

𝑠𝑖𝑛𝑥
⎯⎯⎯⎯ = 1 𝑐𝑠𝑐𝑥 =

1

𝑠𝑖𝑛𝑥
⎯⎯⎯⎯

𝑐𝑜𝑠𝑥

𝑠𝑖𝑛𝑥
⎯⎯⎯⎯ = 𝑐𝑜𝑡𝑥

      𝑠𝑒𝑐𝑥𝑡𝑎𝑛𝑥 =
1

𝑐𝑜𝑠𝑥
⎯⎯⎯⎯ ×

𝑠𝑖𝑛𝑥

𝑐𝑜𝑠𝑥
⎯⎯⎯⎯ =

𝑠𝑖𝑛𝑥

cosଶ 𝑥
⎯⎯⎯⎯⎯⎯

     𝑐𝑠𝑐𝑥𝑡𝑎𝑛𝑥 =
1

𝑠𝑖𝑛𝑥
⎯⎯⎯⎯×

𝑠𝑖𝑛𝑥

𝑐𝑜𝑠𝑥
⎯⎯⎯⎯ =

             
1

𝑐𝑜𝑠 𝑥
⎯⎯⎯⎯⎯= 𝑠𝑒𝑐𝑥

𝑠𝑒𝑐𝑥 =
1

𝑐𝑜𝑠𝑥
⎯⎯⎯⎯

𝑠𝑖𝑛𝑥

𝑐𝑜𝑠𝑥
⎯⎯⎯⎯ = 𝑡𝑎𝑛𝑥
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1

𝑐𝑜𝑠𝑥
⎯⎯⎯⎯ −

𝑠𝑖𝑛 𝑥

𝑐𝑜𝑠𝑥
⎯⎯⎯⎯ =

1 − 𝑠𝑖𝑛𝑥

𝑐𝑜𝑠𝑥
⎯⎯⎯⎯⎯⎯⎯⎯

1

𝑠𝑖𝑛𝑥
⎯⎯⎯⎯− 𝑠𝑖𝑛𝑥

1

𝑠𝑖𝑛𝑥
⎯⎯⎯⎯− 𝑠𝑖𝑛𝑥 ×

𝑠𝑖𝑛𝑥

𝑠𝑖𝑛𝑥
⎯⎯⎯⎯

1

𝑠𝑖𝑛𝑥
⎯⎯⎯⎯−

sinଶ 𝑥

𝑠𝑖𝑛𝑥
⎯⎯⎯⎯⎯

    
1 − sinଶ 𝑥

𝑠𝑖𝑛𝑥
⎯⎯⎯⎯⎯⎯⎯⎯⎯

        
cosଶ 𝑥

𝑠𝑖𝑛𝑥
⎯⎯⎯⎯⎯⎯

1

𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑥
⎯⎯⎯⎯⎯⎯⎯⎯−

𝑠𝑖𝑛𝑥

𝑐𝑜𝑠𝑥
⎯⎯⎯⎯

1

𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑥
⎯⎯⎯⎯⎯⎯⎯⎯−

𝑠𝑖𝑛𝑥

𝑐𝑜𝑠𝑥
⎯⎯⎯⎯ ×

𝑠𝑖𝑛𝑥

𝑠𝑖𝑛𝑥
⎯⎯⎯⎯

1

𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑥
⎯⎯⎯⎯⎯⎯⎯⎯−

sinଶ 𝑥

𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑥
⎯⎯⎯⎯⎯⎯⎯⎯

1 − sinଶ 𝑥

𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑥
⎯⎯⎯⎯⎯⎯⎯⎯⎯

cosଶ 𝑥

𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑥
⎯⎯⎯⎯⎯⎯⎯⎯

𝑐𝑜𝑠𝑥

𝑠𝑖𝑛𝑥
⎯⎯⎯⎯

𝑐𝑜𝑡𝑥

𝐴𝑑𝑑 𝐹𝑟𝑎𝑐𝑡𝑖𝑜𝑛𝑠: 𝐿𝐶𝐷

𝑠𝑖𝑛𝑥 + 𝑐𝑜𝑠𝑥

𝑐𝑜𝑠𝑥
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

𝑠𝑖𝑛𝑥

𝑐𝑜𝑠𝑥
⎯⎯⎯⎯ +

𝑐𝑜𝑠𝑥

𝑐𝑜𝑠𝑥
⎯⎯⎯⎯

𝑡𝑎𝑛𝑥 + 1

𝑆𝑒𝑝𝑎𝑟𝑎𝑡𝑒
𝐹𝑟𝑎𝑐𝑡𝑖𝑜𝑛𝑠

1
𝑐𝑜𝑠𝑥
⎯⎯⎯⎯ − 𝑐𝑜𝑠𝑥

1 −
𝑠𝑖𝑛𝑥
𝑐𝑜𝑠𝑥
⎯⎯⎯⎯

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

ቌ

1
𝑐𝑜𝑠𝑥
⎯⎯⎯⎯ − 𝑐𝑜𝑠𝑥

1 −
𝑠𝑖𝑛𝑥
𝑐𝑜𝑠𝑥
⎯⎯⎯⎯

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ቍ ×
𝑐𝑜𝑠𝑥

𝑐𝑜𝑠𝑥
⎯⎯⎯⎯

1 − cosଶ 𝑥

𝑐𝑜𝑠𝑥 − 𝑠𝑖𝑛𝑥
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

sinଶ 𝑥

𝑐𝑜𝑠𝑥 − 𝑠𝑖𝑛𝑥
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

𝐿𝐷𝐶 = 𝑐𝑜𝑠𝑥

1
𝑐𝑜𝑠𝑥
⎯⎯⎯⎯ − 𝑐𝑜𝑠𝑥

1 −
𝑠𝑖𝑛𝑥
𝑐𝑜𝑠𝑥
⎯⎯⎯⎯

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

1
𝑐𝑜𝑠𝑥
⎯⎯⎯⎯ −

cosଶ 𝑥
𝑐𝑜𝑠𝑥

⎯⎯⎯⎯⎯⎯

𝑐𝑜𝑠𝑥
𝑐𝑜𝑠𝑥
⎯⎯⎯⎯ −

𝑠𝑖𝑛𝑥
𝑐𝑜𝑠𝑥
⎯⎯⎯⎯

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

1 − cosଶ 𝑥
𝑐𝑜𝑠𝑥

⎯⎯⎯⎯⎯⎯⎯⎯⎯

𝑐𝑜𝑠𝑥 − 𝑠𝑖𝑛𝑥
𝑐𝑜𝑠𝑥

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

1 − cosଶ 𝑥

𝑐𝑜𝑠𝑥
⎯⎯⎯⎯⎯⎯⎯⎯⎯×

𝑐𝑜𝑠𝑥

𝑐𝑜𝑠𝑥 − 𝑠𝑖𝑖𝑛𝑥
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

1 − cosଶ 𝑥

𝑐𝑜𝑠𝑥 − 𝑠𝑖𝑛𝑥
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

sinଶ 𝑥

𝑐𝑜𝑠𝑥 − 𝑠𝑖𝑛𝑥
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

Add Fractions: LCD
Flip and Multiply

Multiply top and 
bottom by LCD

sinଶ 𝑥 + cosଶ 𝑥 = 1
                cosଶ 𝑥 = 1 − sinଶ 𝑥

1
𝑐𝑜𝑠𝑥
⎯⎯⎯⎯ − 𝑐𝑜𝑠𝑥

1 −
𝑠𝑖𝑛𝑥
𝑐𝑜𝑠𝑥
⎯⎯⎯⎯

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

1 − cosଶ 𝑥

𝑐𝑜𝑠𝑥 − 𝑠𝑖𝑛𝑥
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯
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𝑡𝑎𝑛 𝑥 𝑐𝑠𝑐𝑥   𝑠𝑒𝑐 𝑥=

1

𝑐𝑜𝑠𝑥
⎯⎯⎯⎯

൬
𝑠𝑖𝑛𝑥

𝑐𝑜𝑠𝑥
⎯⎯⎯⎯൰ ቆ

1

𝑠𝑖𝑛𝑥
⎯⎯⎯⎯ቇ

𝑠𝑒𝑐 𝑥

𝑐𝑜𝑡𝑥

𝑐𝑠𝑐𝑥
⎯⎯⎯⎯ =

ቀ
𝑐𝑜𝑠𝑥
𝑠𝑖𝑛𝑥
⎯⎯⎯⎯ቁ

ቀ
1

𝑠𝑖𝑛𝑥
⎯⎯⎯⎯ቁ

⎯⎯⎯⎯⎯⎯

𝑐𝑜𝑠𝑥

𝑐𝑜𝑠𝑥

𝑐𝑜𝑠𝑥

𝑠𝑖𝑛𝑥
⎯⎯⎯⎯ ×

𝑠𝑖𝑛𝑥

1
⎯⎯⎯⎯

1 + tanଶ 𝑥   secଶ 𝑥=

1 +
sinଶ 𝑥

cosଶ 𝑥
⎯⎯⎯⎯⎯⎯

cosଶ 𝑥

cosଶ 𝑥
⎯⎯⎯⎯⎯⎯+

sinଶ 𝑥

cosଶ 𝑥
⎯⎯⎯⎯⎯⎯

cosଶ 𝑥 + sinଶ 𝑥

cosଶ 𝑥
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

1

cosଶ 𝑥
⎯⎯⎯⎯⎯⎯

1

cosଶ 𝑥
⎯⎯⎯⎯⎯⎯

=𝑐𝑠𝑐𝑥 cosଶ 𝑥 + 𝑠𝑖𝑛𝑥 𝑐𝑠𝑐𝑥

1

𝑠𝑖𝑛𝑥
⎯⎯⎯⎯× cosଶ 𝑥 + 𝑠𝑖𝑛𝑥

cosଶ 𝑥

𝑠𝑖𝑛𝑥
⎯⎯⎯⎯⎯⎯+

sinଶ 𝑥

𝑠𝑖𝑛𝑥
⎯⎯⎯⎯⎯

cosଶ 𝑥 + sinଶ 𝑥

𝑠𝑖𝑛𝑥
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

1

𝑠𝑖𝑛𝑥
⎯⎯⎯⎯

1

𝑠𝑖𝑛𝑥
⎯⎯⎯⎯

cosଶ 𝑥

𝑠𝑖𝑛𝑥
⎯⎯⎯⎯⎯⎯+ 𝑠𝑖𝑛𝑥 ×

𝑠𝑖𝑛𝑥

𝑠𝑖𝑛𝑥
⎯⎯⎯⎯

𝑐𝑜𝑡𝑥 + 𝑡𝑎𝑛𝑥 𝑐𝑠𝑐𝑥 𝑠𝑒𝑐 𝑥=

𝑐𝑜𝑠𝑥

𝑠𝑖𝑛𝑥
⎯⎯⎯⎯ +

𝑠𝑖𝑛𝑥

𝑐𝑜𝑠𝑥
⎯⎯⎯⎯ 𝑐𝑠𝑐𝑥 𝑠𝑒𝑐 𝑥

cosଶ 𝑥 + sinଶ 𝑥

𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑥
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

1

𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑥
⎯⎯⎯⎯⎯⎯⎯⎯

ቆ
1

𝑠𝑖𝑛𝑥
⎯⎯⎯⎯ቇ ቆ

1

𝑐𝑜𝑠𝑥
⎯⎯⎯⎯ቇ

=

1 + 𝑐𝑜𝑠𝑥

1 + 𝑠𝑒𝑐𝑥
⎯⎯⎯⎯⎯⎯⎯⎯ 𝑐𝑜𝑠𝑥

൭
1 + 𝑐𝑜𝑠𝑥

1 +
1

𝑐𝑜𝑠𝑥
⎯⎯⎯⎯

⎯⎯⎯⎯⎯⎯⎯⎯൱

𝑐𝑜𝑠𝑥(1 + 𝑐𝑜𝑠𝑥)

𝑐𝑜𝑠𝑥 + 1
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

𝑐𝑜𝑠𝑥 

𝑐𝑜𝑠𝑥

(1 + 𝑐𝑜𝑠𝑥)

ቀ
𝑐𝑜𝑠𝑥 + 1

𝑐𝑜𝑠𝑥
⎯⎯⎯⎯⎯⎯⎯⎯ቁ

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

(1 + 𝑐𝑜𝑠𝑥) ×
𝑐𝑜𝑠𝑥

𝑐𝑜𝑠𝑥 + 1
⎯⎯⎯⎯⎯⎯⎯⎯

𝑐𝑠𝑐𝑥 𝑠𝑒𝑐 𝑥
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𝑠𝑖𝑛𝑥

1 + 𝑐𝑜𝑠𝑥
⎯⎯⎯⎯⎯⎯⎯⎯

1 − 𝑐𝑜𝑠𝑥

𝑠𝑖𝑛𝑥
⎯⎯⎯⎯⎯⎯⎯⎯

=

𝑠𝑖𝑛𝑥

1 + 𝑐𝑜𝑠𝑥
⎯⎯⎯⎯⎯⎯⎯⎯×

1 − 𝑐𝑜𝑠𝑥

1 − 𝑐𝑜𝑠𝑥
⎯⎯⎯⎯⎯⎯⎯⎯

𝑠𝑖𝑛𝑥(1 − 𝑐𝑜𝑠𝑥)

1 − 𝑐𝑜𝑠𝑥 + 𝑐𝑜𝑠𝑥 − cosଶ 𝑥
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

𝑠𝑖𝑛𝑥(1 − 𝑐𝑜𝑠𝑥)

sinଶ 𝑥
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

(1 − 𝑐𝑜𝑠𝑥)

𝑠𝑖𝑛 𝑥
⎯⎯⎯⎯⎯⎯⎯⎯⎯

(1 − 𝑐𝑜𝑠𝑥)

𝑠𝑖𝑛 𝑥
⎯⎯⎯⎯⎯⎯⎯⎯⎯

Prove that the two sides are equal.

Now we have the 
Pythagorean identity

The conjugate

𝑠𝑖𝑛𝑥 (1 − 𝑐𝑜𝑠𝑥)

(1 + 𝑐𝑜𝑠𝑥)(1 − 𝑐𝑜𝑠𝑥)
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

FOIL (FL)

      (𝑎 + 𝑏)(𝑎 − 𝑏)
     𝑎ଶ − 𝑎𝑏 + 𝑎𝑏 + 𝑏ଶ

              𝑎ଶ − 𝑏ଶ

𝑠𝑖𝑛𝑥(1 − 𝑐𝑜𝑠𝑥)

1 − cosଶ 𝑥
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

      (1 + 𝑐𝑜𝑠𝑥)(1 − 𝑐𝑜𝑠𝑥)
  1 − 𝑐𝑜𝑠𝑥 + 𝑐𝑜𝑠𝑥 − cosଶ 𝑥
                1 − cosଶ 𝑥

sinଶ 𝑥 − cosଶ 𝑥 = 1
                  sinଶ 𝑥 = 1 − cosଶ 𝑥

𝑅𝐻𝑆

×
1 − 𝑐𝑜𝑠𝑥

1 − 𝑐𝑜𝑠𝑥
⎯⎯⎯⎯⎯⎯⎯⎯

×
1 − 𝑐𝑜𝑠𝑥

1 − 𝑐𝑜𝑠𝑥
⎯⎯⎯⎯⎯⎯⎯⎯

⬚

1 + 𝑐𝑜𝑠𝑥
⎯⎯⎯⎯⎯⎯⎯⎯

⬚

1 − 𝑐𝑜𝑠𝑥
⎯⎯⎯⎯⎯⎯⎯⎯

⬚

1 + 𝑠𝑖𝑛𝑥
⎯⎯⎯⎯⎯⎯⎯⎯

⬚

1 − 𝑠𝑖𝑛𝑥
⎯⎯⎯⎯⎯⎯⎯⎯

Conjugate:

𝑎 + 𝑏

𝑎 − 𝑏

𝑎 − 𝑏

𝑎 + 𝑏

Conjugate:
Conjugate:

1 − 𝑠𝑖𝑛𝑥

1 + 𝑠𝑖𝑛𝑥

1 + 𝑐𝑜𝑠𝑥

1 − 𝑐𝑜𝑠𝑥

1 + 𝑠𝑖𝑛𝑥

1 − 𝑠𝑖𝑛𝑥 1 + 𝑐𝑜𝑠𝑥

1 − 𝑐𝑜𝑠𝑥

×
1 + 𝑐𝑜𝑠𝑥

1 + 𝑐𝑜𝑠𝑥
⎯⎯⎯⎯⎯⎯⎯⎯

×
1 − 𝑠𝑖𝑛𝑥

1 − 𝑠𝑖𝑛𝑥
⎯⎯⎯⎯⎯⎯⎯⎯

×
1 + 𝑠𝑖𝑛𝑥

1 + 𝑠𝑖𝑛𝑥
⎯⎯⎯⎯⎯⎯⎯⎯

Multiply the top and 
bottom by the conjugate 
of the denominator

1)

FOIL the bottom2)
Pythagorean Identity3)
Simplify4)

Conj
FL
Pythag
Simp
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(𝑠𝑖𝑛𝑥 − 1)(𝑠𝑖𝑛𝑥 + 1) =

𝑠𝑖𝑛ଶ 𝑥 − 1

− cosଶ 𝑥

𝑠𝑖𝑛𝑥

1 + 𝑐𝑜𝑠𝑥
⎯⎯⎯⎯⎯⎯⎯⎯

1 − 𝑐𝑜𝑠𝑥

𝑠𝑖𝑛𝑥
⎯⎯⎯⎯⎯⎯⎯⎯

=

𝑠𝑖𝑛𝑥

1 + 𝑐𝑜𝑠𝑥
⎯⎯⎯⎯⎯⎯⎯⎯×

1 − 𝑐𝑜𝑠𝑥

1 − 𝑐𝑜𝑠𝑥
⎯⎯⎯⎯⎯⎯⎯⎯

𝑠𝑖𝑛𝑥(1 − 𝑐𝑜𝑠𝑥)

1 − cosଶ 𝑥
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

𝑠𝑖𝑛𝑥(1 − 𝑐𝑜𝑠𝑥)

sinଶ 𝑥
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

(1 − 𝑐𝑜𝑠𝑥)

𝑠𝑖𝑛 𝑥
⎯⎯⎯⎯⎯⎯⎯⎯⎯

(1 − 𝑐𝑜𝑠𝑥)

𝑠𝑖𝑛 𝑥
⎯⎯⎯⎯⎯⎯⎯⎯⎯ 𝐶𝑜𝑛𝑗𝑢𝑔𝑎𝑡𝑒!

𝐹𝑜𝑖𝑙

=

1

1 + 𝑐𝑜𝑠𝑥
⎯⎯⎯⎯⎯⎯⎯⎯+

1

1 − 𝑐𝑜𝑠𝑥
⎯⎯⎯⎯⎯⎯⎯⎯

2 cscଶ 𝑥

(1 − 𝑐𝑜𝑠𝑥) + (1 + 𝑐𝑜𝑠𝑥)

(1 − 𝑐𝑜𝑠𝑥)(1 + 𝑐𝑜𝑠𝑥)
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

1 − 𝑐𝑜𝑠𝑥 + 1 + 𝑐𝑜𝑠𝑥

1 − cosଶ 𝑥
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

2

sinଶ 𝑥
⎯⎯⎯⎯⎯

2 ×
1

sinଶ 𝑥
⎯⎯⎯⎯⎯

2

sinଶ 𝑥
⎯⎯⎯⎯⎯

1

1 + 𝑐𝑜𝑠𝑥
⎯⎯⎯⎯⎯⎯⎯⎯×

1 − 𝑐𝑜𝑠𝑥

1 − 𝑐𝑜𝑠𝑥
⎯⎯⎯⎯⎯⎯⎯⎯+

1

1 − 𝑐𝑜𝑠𝑥
⎯⎯⎯⎯⎯⎯⎯⎯×

1 + 𝑐𝑜𝑠𝑥

1 + 𝑐𝑜𝑠𝑥
⎯⎯⎯⎯⎯⎯⎯⎯

=

1

1 − 𝑐𝑜𝑠 𝑥
⎯⎯⎯⎯⎯⎯⎯⎯

1

1 − 𝑐𝑜𝑠 𝑥
⎯⎯⎯⎯⎯⎯⎯⎯

1 + 𝑐𝑜𝑠𝑥

sinଶ 𝑥
⎯⎯⎯⎯⎯⎯⎯⎯

1 + 𝑐𝑜𝑠𝑥

1 − 𝑐𝑜𝑠ଶ 𝑥
⎯⎯⎯⎯⎯⎯⎯⎯⎯

1 + 𝑐𝑜𝑠𝑥

(1 − 𝑐𝑜𝑠 𝑥)(1 + 𝑐𝑜𝑠𝑥)
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

1

1 − 𝑐𝑜𝑠 𝑥
⎯⎯⎯⎯⎯⎯⎯⎯

𝐹𝑎𝑐𝑡𝑜𝑟

Add and Subtract Fractions

− cosଶ 𝑥
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α

𝑂 = 𝐻𝑠𝑖𝑛𝜃

𝐴 = 𝐻𝑐𝑜𝑠𝜃

𝛽

𝛽

1𝑠𝑖𝑛α

1𝑠𝑖𝑛αcos𝛽

1

1𝑐𝑜𝑠α

𝛽

90 − 𝛽

90 − 𝛽

1𝑐𝑜𝑠α𝑠𝑖𝑛𝛽

𝑂 = 𝐻𝑠𝑖𝑛𝜃

𝐴 = 𝐻𝑐𝑜𝑠𝜃

sin(α + 𝛽) = 𝑠𝑖𝑛α𝑐𝑜𝑠𝛽 + 𝑐𝑜𝑠α𝑠𝑖𝑛𝛽
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sin(𝑥 + 𝜋) = 𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝜋 + 𝑠𝑖𝑛𝜋𝑐𝑜𝑠𝑥
                     = 𝑠𝑖𝑛𝑥 × −1 + 0 × 𝑐𝑜𝑠𝑥
                     = −𝑠𝑖𝑛𝑥

              sin ቀ
π

12
⎯⎯⎯ቁ =

                 𝑠𝑖𝑛15଴ =
sin(45଴ − 30଴) = 𝑠𝑖𝑛45𝑐𝑜𝑠30 − 𝑠𝑖𝑛30𝑐𝑜𝑠45

                              =
1

√2
⎯⎯ ⎯⎯⎯×

√3
⎯⎯ 

2
⎯⎯⎯−

1

2
⎯⎯×

1

√2
⎯⎯ ⎯⎯⎯

                              =
√3

⎯⎯ 

2√2
⎯⎯ 

 
⎯⎯⎯⎯ −

1

2√2
⎯⎯ ⎯⎯⎯⎯

                              =
√3

⎯⎯ 
− 1

2√2
⎯⎯ 

 
⎯⎯⎯⎯⎯⎯

15 = 45 − 30

                  𝑐𝑜𝑠75௢=
cos(45௢ + 30௢) = 𝑐𝑜𝑠45𝑐𝑜𝑠30 − 𝑠𝑖𝑛45𝑠𝑖𝑛30

                                =
1

√2
⎯⎯ ⎯⎯⎯×

√3
⎯⎯ 

2
⎯⎯⎯−

1

√2
⎯⎯ ⎯⎯⎯×

1

2
⎯⎯

                                =
√3

⎯⎯ 

2√2
⎯⎯ ⎯⎯⎯⎯−

1

2√2
⎯⎯ ⎯⎯⎯⎯

                                =
√3

⎯⎯ 
− 1

2√2
⎯⎯ ⎯⎯⎯⎯⎯⎯

                 𝑠𝑒𝑐15௢ =

                 
1

𝑐𝑜𝑠15௢
⎯⎯⎯⎯⎯⎯ =

1

cos(45௢ − 30௢)
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ =

1

(𝑐𝑜𝑠45𝑐𝑜𝑠30 + 𝑠𝑖𝑛45𝑠𝑖𝑛30)
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

                               =
1

1

√2
⎯⎯ ⎯⎯⎯×

√3
⎯⎯ 

2⎯⎯⎯+
1

√2
⎯⎯ ⎯⎯⎯×

1
2⎯⎯

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

                               =
1

ቆ
√3

⎯⎯ 

2√2
⎯⎯ ⎯⎯⎯⎯+

1

2√2
⎯⎯ ⎯⎯⎯⎯ቇ

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

                               =
1

√3
⎯⎯ 

+ 1

2√2
⎯⎯ ⎯⎯⎯⎯⎯⎯

⎯⎯⎯⎯⎯⎯⎯

                               = 1 ×
2√2

⎯⎯ 

√3
⎯⎯ 

+ 1
⎯⎯⎯⎯⎯⎯

                               =
2√2

⎯⎯ 

√3
⎯⎯ 

+ 1
⎯⎯⎯⎯⎯⎯

         = cos(−45) cos(30) + sin(−45) cos (30)
cos(−75) = cos (−45 − 30)

𝑐𝑜𝑠45𝑐𝑜𝑠30 + 𝑠𝑖𝑛45𝑠𝑖𝑛30 = cos(45௢ − 30௢)
                                                    = 𝑐𝑜𝑠15

Or
𝜋

12
⎯⎯⎯=

4𝜋

12
⎯⎯⎯−

3π

12
⎯⎯⎯=

π

4
⎯⎯−

π

3
⎯⎯

285 = 180 + 105
285 = 180 + (60 + 45)

A combination of special 
and quadrantal angles…^* 

195 = 180 + 15
195 = 90 + 105

255 = 180 + 75
255 = 180 + (45 + 30)

sin(−𝑥) = −𝑠𝑖𝑛𝑥cos(−𝑥) = 𝑐𝑜𝑠𝑥
OR

cos(𝑎 + 𝑏) = 𝑐𝑜𝑠𝑎𝑐𝑜𝑠𝑏 − 𝑠𝑖𝑛𝑎𝑠𝑖𝑛𝑏sin(𝑎 + 𝑏) = 𝑠𝑖𝑛𝑎𝑐𝑜𝑠𝑏 + 𝑠𝑖𝑛𝑏𝑐𝑜𝑠𝑎

π

12
⎯⎯⎯= 15଴

𝑅𝑎𝑡𝑖𝑜𝑛𝑎𝑙𝑖𝑧𝑒!

sin255=sin(360 − 105) = sin 360𝑐𝑜𝑠105 − 𝑠𝑖𝑛105𝑐𝑜𝑠360 = 0 − 𝑠𝑖𝑛105(1) = −𝑠𝑖𝑛105 = −sin (45 + 60)

sin(𝑎 − 𝑏) = 𝑠𝑖𝑛𝑎𝑐𝑜𝑠𝑏 − 𝑠𝑖𝑛𝑏𝑐𝑜𝑠𝑎

cos(𝑎 − 𝑏) = 𝑐𝑜𝑠𝑎𝑐𝑜𝑠𝑏 + 𝑠𝑖𝑛𝑎𝑠𝑖𝑛𝑏

       Sin is the same sign sincos:cossin
Cos is the opposite sign coscos:sinsin

cos ቀ
𝜋

6
⎯⎯+ 𝑥ቁ cos ቀ

𝜋

6
⎯⎯− 𝑥ቁ + sin ቀ

𝜋

6
⎯⎯+ 𝑥ቁ sin ቀ

𝜋

6
⎯⎯− 𝑥ቁ =

                                                    cos ቀ
π

6
⎯⎯+ 𝑥 − (

𝜋

6
⎯⎯− 𝑥)ቁ =   cos(2𝑥)

𝑡𝑎𝑛𝜃 =
𝑠𝑖𝑛𝜃

𝑐𝑜𝑠𝜃
⎯⎯⎯⎯

𝑠𝑖𝑛255 = −𝑠𝑖𝑛105
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𝑠𝑖𝑛2𝑥 = 2𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑥

𝑐𝑜𝑠2𝑥 = cosଶ 𝑥 − sinଶ 𝑥
             = 2 cosଶ 𝑥 − 1
             = 1 − 2 sinଶ 𝑥

4 sin 6𝑥 = 8 sin 3𝑥 cos 3𝑥 Double the number in front.
Half the angle. Add a Cos

2 sin 𝑥 = 4 sin
1

2
⎯⎯𝑥 cos

1

2
⎯⎯𝑥

1

2
⎯⎯sin 4𝑥 = 1 sin 2𝑥 cos 2𝑥

2𝑠𝑖𝑛𝜋 = 4 sin ቀ
π

2
⎯⎯ቁ cos ቀ

π

2
⎯⎯ቁ = 0

8 sin 3𝑥 cos 3𝑥 = 4 sin 6𝑥
Half the number in front.
Double the angle. Cos goes away

2𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑥 = 𝑠𝑖𝑛2𝑥

4 sin
1

2
⎯⎯𝑥 cos

1

2
⎯⎯𝑥 = 2 sin 𝑥

4 sin ቀ
π

6
⎯⎯ቁ cos ቀ

π

6
⎯⎯ቁ = 2 sin ቀ

π

3
⎯⎯ቁ =

2√3
⎯⎯ 

2
⎯⎯⎯⎯= √3

⎯⎯ 

𝑐𝑜𝑠4𝑥 = cosଶ2 𝑥 − sinଶ 2𝑥

𝑐𝑜𝑠4𝑥 = 2 cosଶ 2𝑥 − 1

1 − 2 sinଶ ቀ
𝜋

4
⎯⎯ቁ = cos ቀ

𝜋

2
⎯⎯ቁ = 0

2 cosଶ3 𝑥 − 2sinଶ 3𝑥 =
2 (cosଶ3 𝑥 − sinଶ 3𝑥) = 2𝑐𝑜𝑠6𝑥

4 cosଶ 5 − 2 =
2(2cosଶ 5 − 1) = 2𝑐𝑜𝑠10

1 − 2 sinଶ 𝜋 = 𝑐𝑜𝑠2𝜋 = 1

Double the angle

GCF

Half the angle

1 − 2 sinଶ 2𝑥 = 𝑐𝑜𝑠4𝑥

𝑆𝑖𝑚𝑝𝑙𝑖𝑓𝑦 𝑡𝑜 𝑠𝑖𝑛𝑥 𝑜𝑟 𝑐𝑜𝑠𝑥

1 − 𝑐𝑜𝑠2𝑥
1 − (1 − 2 sinଶ 𝑥)
1 − 1 + 2 sinଶ 𝑥

2 sinଶ 𝑥

1 + 𝑐𝑜𝑠2𝑥
1 + (2 cosଶ 𝑥 − 1)
1 + 2 cosଶ 𝑥 − 1

2 cosଶ 𝑥
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𝑠𝑖𝑛2𝑥

1 + 𝑐𝑜𝑠2𝑥
⎯⎯⎯⎯⎯⎯⎯⎯⎯

𝑠𝑖𝑛2𝑥

1 + (2 cosଶ 𝑥 − 1)
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

𝑠𝑖𝑛2𝑥

1 + (2 cosଶ 𝑥 − 1)
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

2𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑥

2 cosଶ 𝑥
⎯⎯⎯⎯⎯⎯⎯⎯⎯

2𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑥

2 cosଶ 𝑥
⎯⎯⎯⎯⎯⎯⎯⎯⎯

2𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑥

2 cosଶ 𝑥
⎯⎯⎯⎯⎯⎯⎯⎯⎯

𝑠𝑖𝑛𝑥

cos 𝑥
⎯⎯⎯⎯⎯

𝑡𝑎𝑛𝑥

𝑠𝑖𝑛𝑥

𝑐𝑜𝑠𝑥
⎯⎯⎯⎯
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𝑠𝑖𝑛𝛼 =
3

5
⎯⎯ ; 𝑄𝐼 𝑐𝑜𝑠𝛽 = −

5

13
⎯⎯⎯ ; 𝑄𝐼𝐼 sin(𝛼 + 𝛽) = ?

sin(𝛼 + 𝛽) = 𝑠𝑖𝑛𝛼𝑐𝑜𝑠𝛽 + 𝑐𝑜𝑠𝛼𝑠𝑖𝑛𝛽

                      =
3

5
⎯⎯× −

5

13
⎯⎯⎯+

4

5
⎯⎯×

12

13
⎯⎯⎯

                      = −
3

13
⎯⎯⎯+

48

65
⎯⎯⎯

                      =
33

65
⎯⎯⎯

0 , 2𝜋𝜋

𝐴𝑆

𝑇 𝐶

𝛼𝛽

3
5

5

𝑎ଶ + 𝑏ଶ = 𝑐ଶ

            𝑏 = 12
12 𝑎ଶ + 𝑏ଶ = 𝑐ଶ

             𝑎 = 4

4

𝑆𝑜𝑙𝑣𝑒: 𝑠𝑖𝑛2𝛼 = ?

𝑠𝑖𝑛2𝛼 = 2𝑠𝑖𝑛𝛼𝑐𝑜𝑠𝛼

             = 2 ×
3

5
⎯⎯×

4

5
⎯⎯

             =
24

25
⎯⎯⎯

𝑐𝑜𝑠2𝛽 = 1 − 2 sinଶ 𝛽

              = 1 − 2 ቆ
12

13
⎯⎯⎯ቇ

ଶ

              = −
119

169
⎯⎯⎯

𝑐𝑜𝑠2𝛽 = ?

13
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