
The height vs distance of a rock thrown off a cliff. What 
is the max height and the distance it took to get there?

 ℎ = −2𝑑ଶ + 8𝑑 + 10
ℎᇱ = −4𝑑 + 8
 0 = −4𝑑 + 8
…
 𝑑 = 2 𝑚 ℎ = 18 𝑚

(2,18)
ℎ

𝑑

Max

A student sells candy 
to their friends each 
day. Candy sells for 6 
dollars, and 10 friends 
buy the candy. If they 
increase the price by 1 
dollar, 1 less friend 
decides not to buy the 
candy. What is the 
price and quantity that 
will max revenue?  

𝐿𝑒𝑡 𝑝 = 𝑝𝑟𝑖𝑐𝑒, 𝐿𝑒𝑡 𝑞 = 𝑞𝑢𝑎𝑛𝑡𝑖𝑡𝑦, 𝐿𝑒𝑡 𝑅 = 𝑟𝑒𝑣𝑒𝑛𝑢𝑒

 𝑅 = 𝑝 × 𝑞
 𝑅 = (6 + 1𝑥)(10 − 1𝑥)
 𝑅 = 60 − 6𝑥 + 10𝑥 − 𝑥ଶ

 𝑅 = −𝑥ଶ + 4𝑥 + 60
𝑅ᇱ = −2𝑥 + 4
  0 = −2𝑥 + 4
  𝑥 = 2

𝑅

(0,60)

(2,64)

𝐿𝑒𝑡 𝑥 = # 𝑜𝑓 𝑝𝑟𝑖𝑐𝑒 𝑖𝑛𝑐𝑟𝑒𝑎𝑠𝑒𝑠

Max

𝑥

 𝑃 = 6 + 1𝑡 𝑞 = 10 − 1𝑥

𝑝 = 6 + 1(2)
𝑝 = 6 + 2
𝑝 = $8

𝑞 = 10 − 1(2)
𝑞 = 10 − 2
𝑞 = 8 𝑢𝑛𝑖𝑡𝑠

𝑅 = 𝑝𝑞
𝑅 = 8 × 8
𝑅 = $64

The difference between two numbers is 10 if their product is a minimum. 

Let 𝑎 = 1𝑠𝑡 #
Let 𝑏 = 2𝑛𝑑 #

𝑎 = 10 + (−5)
𝑎 = 5

  1𝑠𝑡 # = 5
2𝑛𝑑 #  = −5

The minimum product is −25.

𝑎 − 𝑏 = 10
𝑎 − 𝑏 = 10
    +𝑏          + 𝑏
         𝑎 = (10 + 𝑏)

𝑎 × 𝑏 = 𝑚𝑖𝑛𝑖𝑚𝑢𝑚
𝑎 × 𝑏 = 𝑚𝑖𝑛𝑖𝑚𝑢𝑚     𝑦
        𝑦 = 𝑎 × 𝑏
        𝑦 = 𝑎 × 𝑏
        𝑦 = (10 + 𝑏) × 𝑏
        𝑦 = 10𝑏 + 𝑏ଶ

        𝑦 = 𝑏ଶ + 10𝑏
        𝑦ᇱ= 2𝑏 + 10
        0 = 2𝑏 + 10
        𝑏 = −5

𝑙𝑒𝑡 𝑦 = 𝑚𝑖𝑛𝑖𝑚𝑢𝑚

𝑦

𝑏

(−5, −25)

       𝑎 − 𝑏 = 10
5 − (−5) = 10

𝑚𝑖𝑛 = 𝑎 × 𝑏
         = 5 × −5
         = −25

Min

Find Two numbers who sum to 8 and the sum of their squares is a minimum.

Let 𝑎 = 1𝑠𝑡 #
Let 𝑏 = 2𝑛𝑑 #

 𝑎 + 𝑏 = 8
     −𝑏      − 𝑏
         𝑎 = 8 − 𝑏
         𝑎 = (8 − 𝑏)

        𝑎 = 8 − (4)
        𝑎 = 4

𝑎 = 4
𝑏 = 4

𝑎ଶ + 𝑏ଶ = 𝑚𝑖𝑛𝑖𝑚𝑢𝑚
𝑎ଶ + 𝑏ଶ = 𝑚𝑖𝑛𝑖𝑚𝑢𝑚
        𝑦 = 𝑎ଶ + 𝑏ଶ

        𝑦 = 𝑎ଶ + 𝑏ଶ

        𝑦 = (8 − 𝑏)ଶ + 𝑏ଶ

        𝑦 =  64 − 16𝑏 + 𝑏ଶ + 𝑏ଶ

        𝑦 = 2𝑏ଶ − 16𝑏 + 64 
        𝑦ᇱ= 4𝑏 − 16
        0 = 4𝑏 − 16
        𝑏 = 4

𝑦

𝑙𝑒𝑡 𝑦 = 𝑚𝑖𝑛𝑖𝑚𝑢𝑚
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𝑙

𝑤

𝑃 = 800𝑚

Max Area?      𝑃 = 2𝑙 + 𝑤
800 = 2𝑙 + 𝑤
    𝑤 = 800 − 2𝑙

    𝑤 = 800 − 2(200)
    𝑤 = 400 𝑚

 𝐴 = 𝑙𝑤
 𝐴 = 𝑙(800 − 2𝑙)
 𝐴 = −2𝑙ଶ + 800𝑙
𝐴ᇱ = −4𝑙 + 800
  0 = −4𝑙 + 800
   𝑙 = 200 𝑚200

400 800 = 2(200) + 400
𝐴 = 400(200)
𝐴 = 80000 𝑚ଶ

Max Area is 80000 𝑚ଶ.

 𝑃 = 3𝑙 + 2𝑤

 𝑃 = 3𝑙 + 2 ቆ
216

𝑙
⎯⎯⎯ቇ

 𝑃 = 3𝑙 + 432𝑙ିଵ

𝑃ᇱ = 3 − 432𝑙ିଶ

  0 = 3 − 432𝑙ିଶ

  3 =
432

𝑙ଶ
⎯⎯⎯

 𝑙ଶ = 144
   𝑙 = 12 𝑚

𝑙

𝑤

𝐴 = 216 𝑚ଶ

Min Perimeter?      𝐴 = 𝑙𝑤
216 = 𝑙𝑤

    𝑤 =
216

𝑙
⎯⎯⎯

   𝑤 =
216

12
⎯⎯⎯

   𝑤 = 18 𝑚12

18 216 = 12 × 18

𝑃 = 3(12) + 2(18)
𝑃 = 72 𝑚

Min Perimeter is 72 𝑚.

2

𝑃′

𝑃

− +0

(12, 72)
  (𝑀𝑖𝑛)

12
𝑙

20

100

𝐴′

𝐴

+ −0

(200, 80000)
    (𝑀𝑎𝑥)

𝑙

200 300

𝑥
𝑥

ℎ

𝑉 = 500𝑚𝐿

Open Top

Min SA?

     𝑉 = 𝑙𝑤ℎ
500 = 𝑥ଶℎ

     ℎ =
500

𝑥ଶ
⎯⎯⎯

    ℎ =
500

10ଶ
⎯⎯⎯

    ℎ = 5 𝑐𝑚

 𝑆𝐴 = 𝑥ଶ + 4𝑥ℎ

 𝑆𝐴 = 𝑥ଶ + 4𝑥 ቆ
500

𝑥ଶ
⎯⎯⎯ ቇ

 𝑆𝐴 = 𝑥ଶ + 2000𝑥ିଵ

𝑆𝐴ᇱ = 2𝑥 − 2000𝑥ିଶ

    0 = 2𝑥 − 2000𝑥ିଶ

  2𝑥 =
2000

𝑥ଶ
⎯⎯⎯⎯⎯

  𝑥ଷ = 1000
    𝑥 = 10 𝑐𝑚

1𝑚𝐿 = 1𝑐𝑚ଷ

Min SA is 300 𝑐𝑚ଶ.

1

𝑆𝐴′

𝑆𝐴

− +0

(10, 300)
  (𝑀𝑖𝑛)

10 200
x

𝑆𝐴 = 10ଶ + 4(10)(5)
𝑆𝐴 = 300 𝑐𝑚ଶ

0

Cylinder V=1000mL, Find dimensions for Min SA.
       𝑉 = 𝜋𝑟ଶℎ
1000 = 𝜋𝑟ଶℎ

       ℎ =
1000

𝜋𝑟ଶ
⎯⎯⎯⎯⎯

  𝑆𝐴 = 2𝜋𝑟ଶ + 2𝜋𝑟ℎ

  𝑆𝐴 = 2𝜋𝑟ଶ + 2𝜋𝑟 ቆ
1000

𝜋𝑟ଶ
⎯⎯⎯⎯⎯ቇ

  𝑆𝐴 = 2𝜋𝑟ଶ + 2000𝑟ିଵ

 𝑆𝐴ᇱ = 4𝜋𝑟 − 2000𝑟ିଶ

     0 = 4𝜋𝑟 − 2000𝑟ିଶ

4𝜋𝑟 =
2000

𝑟ଶ
⎯⎯⎯⎯⎯

…

     𝑟 = ඨ
500

𝜋
⎯⎯⎯

⎯⎯⎯
య

= 5.4 𝑐𝑚

𝑟

ℎ
ℎ =

1000

𝜋(5.4)ଶ
⎯⎯⎯⎯⎯⎯⎯

ℎ = 10.9 𝑐𝑚

𝑉 = 𝜋𝑟ଶℎ
𝑉 = 𝜋(5.4)ଶ(10.9)
𝑉 = 1000
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𝑦 = 2√𝑥⎯⎯   

(4,4)

(6,0)

Shortest Distance from 2√𝑥⎯⎯  to pt (6,0).

(𝑥, 2√𝑥⎯⎯  )

4

2

4

2

2√5
⎯⎯ 

𝑎ଶ + 𝑏ଶ = 𝑐ଶ

             𝑐 = ඥ𝑎ଶ + 𝑏ଶ
⎯⎯⎯⎯⎯⎯⎯ 

             𝑐 = ඥ2ଶ + 4ଶ
⎯⎯⎯⎯⎯⎯⎯ 

            …

𝑑 = ඥ(𝑥ଶ − 𝑥ଵ)ଶ + (𝑦ଶ − 𝑦ଵ)ଶ
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ 

𝑑 = ට((𝑥) − (6))ଶ + ((2√𝑥⎯⎯  ) − (0))ଶ
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

 

𝑑 = ඥ𝑥ଶ − 12𝑥 + 36 + 4𝑥
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ 

𝑑 = ඥ𝑥ଶ − 8𝑥 + 36
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ 

𝑑 = (𝑥ଶ  − 8𝑥 + 36)
ଵ
ଶ
⎯⎯

𝑑ᇱ =
1

2
⎯⎯(𝑥ଶ − 8𝑥 + 36)ି

ଵ
ଶ
⎯⎯× (2𝑥 − 8)

𝑑ᇱ =
𝑥 − 4

√𝑥ଶ − 8𝑥 + 36
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ ⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

  0 =
𝑥 − 4

√𝑥ଶ − 8𝑥 + 36
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ ⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

  0 = 𝑥 − 4
  𝑥 = 4

𝑎ଶ + 𝑏ଶ = 𝑐ଶ

2ଶ + 4ଶ = ൫2√5
⎯⎯ 

൯
ଶ

          20 = 20

𝑦 = 2√𝑥⎯⎯ 

𝑦 = 2√4
⎯⎯ 

𝑦 = 4(4,4)

𝑦 = ඥ𝑓(𝑥)
⎯⎯⎯⎯ 

𝑦ᇱ =
𝑓ᇱ(𝑥)

2ඥ𝑓(𝑥)
⎯⎯⎯⎯ 

⎯⎯⎯⎯⎯⎯⎯

1 5

𝑑′ − +0

൫4, 2√5
⎯⎯ 

൯

  (𝑀𝑖𝑛)

4

𝑑 = ඥ(𝑥ଶ − 𝑥ଵ)ଶ + (𝑦ଶ − 𝑦ଵ)ଶ
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ 

𝑑 = ඥ((4) − (6))ଶ + ((4) − (0))ଶ
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ 

𝑑 = √4 + 16
⎯⎯⎯⎯⎯⎯ 

𝑑 = √20
⎯⎯⎯ 

𝑑 = 2√5
⎯⎯ 

d

Noon (a=0,b=40)a

𝑑𝑎

𝑑𝑡
⎯⎯⎯= 25

𝑘𝑚

ℎ𝑟
⎯⎯⎯

b 𝑑𝑏

𝑑𝑡
⎯⎯⎯= −20

𝑘𝑚

ℎ𝑟
⎯⎯⎯

𝑑 = −20𝑡 + 20

𝑑௙ = 𝑑௜ + 𝑣𝑡
𝑑 = 25𝑡 + 0

𝑑 = ඥ(𝑥ଶ − 𝑥ଵ)ଶ + (𝑦ଶ − 𝑦ଵ)ଶ
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ 

 𝑑 = ඥ(25𝑡)ଶ + (−20𝑡 + 20)ଶ
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ 

 𝑑′ =
2(25𝑡) + 2(−20𝑡 + 20)(−20)

2ඥ(25𝑡)ଶ + (−20𝑡 + 20)ଶ⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ 
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

…
 0 = 2(25𝑡) + 2(−20𝑡 + 20)(−20)
 0 = 50𝑡 + 800𝑡 − 800
 𝑡 = 0.94 ℎ𝑟

𝑑

Min Distance Between. 𝑎 = 𝑣𝑡
𝑎 = 25(0.94)
𝑎 = 23.5

𝑏 = 𝑣𝑡
𝑏 = 40 − 20(0.94)
𝑏 = 22.2

𝑐 = ඥ𝑎ଶ + 𝑏ଶ
⎯⎯⎯⎯⎯⎯⎯ 

𝑐 = 33.32 𝑘𝑚

End Points
Noon (d=40km)
2pm (d=50km)

𝑦 = 𝑚𝑥 + 𝑏

3

𝑦

3

2

2

𝑥

𝐿

𝑦

2
⎯⎯=

3

𝑥
⎯⎯

𝑦 =
6

𝑥
⎯⎯

𝐿 = ඥ(𝑥 + 2)ଶ + (𝑦 + 3)ଶ
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ 

𝐿 = ඩ(𝑥 + 2)ଶ + ൭ቆ
6

𝑥
⎯⎯ቇ + 3൱

ଶ
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

 

𝐿 = ඨ𝑥ଶ + 4𝑥 + 4 +
36

𝑥ଶ
⎯⎯⎯+

18

𝑥
⎯⎯⎯+ 9

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯
 

…
𝐿ᇱ =
 0 = 2𝑥 + 4 − 72𝑥ିଷ − 18𝑥ିଶ

…
 0 = 2𝑥ହ + 4𝑥ଷ − 18𝑥 − 72
…
 𝑥 = 2.0596

ඥ𝑦ଶ + 2ଶ
⎯⎯⎯⎯⎯⎯⎯ 

ඥ𝑥ଶ + 3ଶ
⎯⎯⎯⎯⎯⎯⎯ 

𝐿 = ඥ𝑦ଶ + 2ଶ
⎯⎯⎯⎯⎯⎯⎯ 

+ ඥ𝑥ଶ + 3ଶ
⎯⎯⎯⎯⎯⎯⎯ 

…

36ඥ𝑥ଶ − 9
⎯⎯⎯⎯⎯⎯ 

= 𝑥ସඥ36𝑥ିଷ + 4
⎯⎯⎯⎯⎯⎯⎯⎯⎯ 

𝐿 = ඩ(𝑥 + 2)ଶ + ൭ቆ
6

𝑥
⎯⎯ቇ + 3൱

ଶ
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

 

𝐿 = ඩ(2.0596 + 2)ଶ + ൭ቆ
6

2.0596
⎯⎯⎯⎯⎯⎯ቇ + 3൱

ଶ
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

 

𝐿 = 7.17

Not Optimal
Shortest ladder.
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𝑦 = 4 − 𝑥ଶ

(𝑥, 0)

     𝐴 = 𝑙𝑤
     𝐴 = (2𝑥)(𝑦)
     𝐴 = 2𝑥(4 − 𝑥ଶ)
     𝐴 = 8𝑥 − 2𝑥ଷ

     𝐴ᇱ= 8 − 6𝑥ଶ

     0 = 8 − 6𝑥ଶ

6𝑥ଶ = 8

  𝑥ଶ =
4

3
⎯⎯

    𝑥 = ±
2

√3
⎯⎯ ⎯⎯⎯

𝑥 ≥ 0

0.5 1

(2,0)

𝑥 ≤ 2

0 ≥ 𝑥 ≥ 2

𝐴′

𝐴

𝐴ᇱ = 8 − 6𝑥ଶ

𝐴ᇱ = 8 − 6 ቆ
1

2
⎯⎯ቇ

ଶ

𝐴ᇱ = +𝑣𝑒

𝐴ᇱ = 8 − 6𝑥ଶ

𝐴ᇱ = 8 − 6(1)ଵ

𝐴ᇱ = −𝑣𝑒

+ −0

ቆ
2

√3
⎯⎯ ⎯⎯⎯,

32

3√3
⎯⎯ ⎯⎯⎯⎯ቇ

    (𝑀𝑎𝑥)

𝐴 = 2𝑥(2 + 𝑥)(2 − 𝑥)

𝑥

(𝑥, 4 − 𝑥ଶ)

Max rectangle area under 𝑦 = 4 − 𝑥ଶ above 𝑥 − 𝑎𝑥𝑖𝑠.

4 − 𝑥ଶ

2𝑥

2

√6
⎯⎯ ⎯⎯⎯= 0.81

  𝑦 = 4 − 𝑥ଶ

  0 = 4 − 𝑥ଶ

𝑥ଶ = 4
  𝑥 = ±2(−2,0)

𝑥 − 𝑖𝑛𝑡, 𝑦 = 0

(±2,0)

(
2

√3
⎯⎯ ⎯⎯⎯,

8

3
⎯⎯)

𝑦 = 4 − 𝑥ଶ

𝑦 = 4 − ቆ
2

√3
⎯⎯ ⎯⎯⎯ቇ

ଶ

𝑦 = 4 −
4

3
⎯⎯

𝑦 =
8

3
⎯⎯

Domain

𝐴 = 2𝑥(𝑦)

𝐴 = 2 ቆ
2

√3
⎯⎯ ⎯⎯⎯ቇ ቆ

8

3
⎯⎯ቇ

𝐴 =
32

3√3
⎯⎯ ⎯⎯⎯⎯

Max area under circle graph

Max volume cylinder inscribed in sphere 𝑟 = 5√3
⎯⎯ 

(𝑥, ඥ9 − 𝑥ଶ
⎯⎯⎯⎯⎯⎯ 

)

2𝑥

ඥ9 − 𝑥ଶ
⎯⎯⎯⎯⎯⎯ 

𝑥

               𝐴 = 𝑙𝑤

               𝐴 = 2𝑥ඥ9 − 𝑥ଶ
⎯⎯⎯⎯⎯⎯ 

              𝐴ᇱ = 2ඥ9 − 𝑥ଶ
⎯⎯⎯⎯⎯⎯ 

−
2𝑥

√9 − 𝑥ଶ⎯⎯⎯⎯⎯⎯ ⎯⎯⎯⎯⎯⎯⎯(2𝑥)

                0 = 2ඥ9 − 𝑥ଶ
⎯⎯⎯⎯⎯⎯ 

−
4𝑥ଶ

√9 − 𝑥ଶ⎯⎯⎯⎯⎯⎯ ⎯⎯⎯⎯⎯⎯⎯

2ඥ9 − 𝑥ଶ
⎯⎯⎯⎯⎯⎯ 

=
4𝑥ଶ

√9 − 𝑥ଶ⎯⎯⎯⎯⎯⎯ ⎯⎯⎯⎯⎯⎯⎯

      9 − 𝑥ଶ = 2𝑥
…
                𝑥 = 2.16 𝑢𝑛𝑖𝑡𝑠, −4.16

𝑥ଶ + 𝑦ଶ = 𝑟ଶ

𝑥ଶ + 𝑦ଶ = 3ଶ

𝑥ଶ + 𝑦ଶ = 9

             𝑦 = ±ඥ9 − 𝑥ଶ
⎯⎯⎯⎯⎯⎯ 

Equation of Circle

𝐴 = 2𝑥ඥ9 − 𝑥ଶ
⎯⎯⎯⎯⎯⎯ 

𝐴 = 2(2.16)ඥ9 − (2.16)ଶ
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ 

𝐴 = 9 𝑢𝑛𝑖𝑡𝑠ଶ

5√3
⎯⎯ 𝑦

𝑥

𝑥ଶ + 𝑦ଶ = 𝑟ଶ

𝑥ଶ + 𝑦ଶ = (5√3
⎯⎯ 

)ଶ

𝑥ଶ + 𝑦ଶ = 75
           𝑥ଶ= 75 − 𝑦ଶ

 𝑉 = 𝜋𝑟ଶℎ
 𝑉 = 𝜋𝑥ଶ(2𝑦)

 𝑉 = 𝜋(75 − 𝑦ଶ)2𝑦
 𝑉 = 𝜋(150𝑦 − 2𝑦ଷ)
𝑉ᇱ = 𝜋(150 − 6𝑦ଶ)
  0 = 𝜋(150 − 6𝑦ଶ)
…
𝑦 = 5
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An open rectangular box is made by cutting equal lengths from each corner of a 8 cm by 15 cm rectangular 
piece of cardboard, then folding up the sides. Find the length of the square that must be cut from each 
corner so the box has a Max Volume and find Max Volume.

𝑥
𝑥

15 − 2𝑥
𝑥

𝑥

8 − 2𝑥

 𝑉 = 𝑙𝑤ℎ
 𝑉 = (8 − 2𝑥)(15 − 2𝑥)𝑥
𝑉 = 4𝑥ଷ − 46𝑥ଶ + 120𝑥
𝑉ᇱ = 12𝑥ଶ − 92𝑥 + 120
  0 = 12𝑥ଶ − 92𝑥 + 120
  0 = 3𝑥ଶ − 23𝑥 + 40
  0 = (3𝑥 − 5)(𝑥 − 6)

𝑙𝑒𝑡 𝑥 = 𝑙𝑒𝑛𝑔𝑡ℎ 𝑡𝑜 𝑐𝑢𝑡

15 − 2𝑥

8 − 2𝑥

𝑥
8

15
𝐷𝑜𝑚𝑎𝑖𝑛 ∶

𝑥 cant be 
negative!
Cant cut two
4′s off a 8!

𝑉 = (8 − 2𝑥)(15 − 2𝑥)𝑥

𝑉

2nd   Calc   Max

𝑥 =
5

3
⎯⎯= 1.66 𝑥 = 6

(0,0)

(4,0)

(1.66,90.74)

(7.5,0)
𝑥

(6, −72)

𝑉 = ൫8 − 2(1.67)൯(15 − 2(1.67)(1.67)

𝑉 = 90.74 𝑐𝑚ଷ

0 > 𝑥 > 4

A 30 cm string cut to make a square and a circle. Find where to cut to max area.
30

𝑥 30 − 𝑥
𝐴 = 𝜋𝑟ଶ

𝐴 = 𝜋 ቀ
𝑥

2𝜋
⎯⎯⎯ቁ

ଶ

𝐴 =
𝑥ଶ

4𝜋
⎯⎯⎯

𝐴 = 𝑙𝑤

𝐴 = ቆ
30 − 𝑥

4
⎯⎯⎯⎯⎯⎯ቇ ቆ

30 − 𝑥

4
⎯⎯⎯⎯⎯⎯ቇ

𝐴 =
900 − 60𝑥 + 𝑥ଶ

16
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

𝐶 = 𝑥 𝑃 = 30 − 𝑥

30 − 𝑥

4
⎯⎯⎯⎯⎯⎯𝐶 = 2𝜋𝑟

𝑥 = 2𝜋𝑟

𝑟 =
𝑥

2𝜋
⎯⎯⎯

𝐴் =
𝑥ଶ

4𝜋
⎯⎯⎯+

1

16
⎯⎯⎯(900 − 60𝑥 + 𝑥ଶ)

𝐴்
ᇱ =

1

2𝜋
⎯⎯⎯𝑥 +

1

16
⎯⎯⎯(−60 + 2𝑥)

   0 =
𝑥

2𝜋
⎯⎯⎯−

15

4
⎯⎯⎯+

1

8
⎯⎯𝑥

…
𝑥 = 2.21 𝑐𝑚

0 ≤ 𝑥 ≤ 30

𝐴 = 𝑙𝑤

𝐴 = ቆ
30

4
⎯⎯⎯ቇ ቆ

30

4
⎯⎯⎯ቇ

𝐴 = 56.25 𝑐𝑚ଶ

  𝐶 = 2𝜋𝑟
30 = 2𝜋𝑟

  𝑟 =
30

2𝜋
⎯⎯⎯

  𝑟 =
15

𝜋
⎯⎯⎯

𝐴 = 𝜋𝑟ଶ

𝐴 = 𝜋 ቆ
15

𝜋
⎯⎯⎯ቇ

ଶ

𝐴 =
225

𝜋
⎯⎯⎯ = 71.7 𝑐𝑚ଶ

All Square
All Circle

𝐴் =
𝑥ଶ

4𝜋
⎯⎯⎯+

1

16
⎯⎯⎯(900 − 60𝑥 + 𝑥ଶ)

𝐴் =
2.21ଶ

4𝜋
⎯⎯⎯⎯⎯+

1

16
⎯⎯⎯(900 − 60(2.21) + (2.21)ଶ)

𝐴் = 16.2 𝑐𝑚ଶ

Don’t cut it. All circle. 
Check your endpoints.
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𝑦

𝑥

     𝐴 = 𝑙𝑤
     𝐴 = 𝑥𝑦
600 = 𝑥𝑦

     𝑦 =
600

𝑥
⎯⎯⎯

𝐶 =
$60

𝑚
⎯⎯⎯

          𝑃 = 2𝑦 + 4𝑥
          𝐶 = 2𝑦 × 60 + 4𝑥 × 60

          𝐶 = 2 ቆ
600

𝑥
⎯⎯⎯ ቇ × 60 + 4𝑥 × 60

          𝐶 =
72000

𝑥
⎯⎯⎯⎯⎯⎯+ 240𝑥

          𝐶 = 72000𝑥ିଵ + 240𝑥
         𝐶ᇱ = −72000𝑥ିଶ + 240

         𝐶ᇱ = −
72000

𝑥ଶ
⎯⎯⎯⎯⎯⎯+ 240

           0 = −
72000

𝑥ଶ
⎯⎯⎯⎯⎯⎯+ 240

72000

𝑥ଶ
⎯⎯⎯⎯⎯⎯= 240

          𝑥 = √300
⎯⎯⎯ 

          𝑥 = 10√3
⎯⎯ 

𝑚

𝐶𝑜𝑠𝑡 = 𝐿𝑒𝑛𝑔𝑡ℎ ×
𝐶𝑜𝑠𝑡

𝑙𝑒𝑛𝑔𝑡ℎ
⎯⎯⎯⎯⎯⎯

𝑦 =
600

√300
⎯⎯⎯ ⎯⎯⎯⎯⎯

𝑦 =
600

10√3
⎯⎯ ⎯⎯⎯⎯⎯

𝑦 =
60

√3
⎯⎯ ⎯⎯⎯

𝑦 = 20√3 
⎯⎯ 

𝑚
𝐴 = 𝑥𝑦

𝐴 = 20√3
⎯⎯ 

× 10√3
⎯⎯ 

𝐴 = 600

Check Answer

√300
⎯⎯⎯ 0 ∞

𝐶

𝐶′

0

(∞, ∞)(0ା, ∞) (√300
⎯⎯⎯ 

, 8313)
Abs Min

− +

2𝑤

𝑤

ℎ
𝐶𝑜𝑠𝑡஻௔௦௘ =

$4.5

𝑚ଶ
⎯⎯⎯⎯ 𝐶𝑜𝑠𝑡ௌ௜ௗ௘௦ =

$6

𝑚ଶ
⎯⎯⎯

𝑉 = 𝐿𝑤ℎ
8 = 2𝑤ଶℎ
4 = 𝑤ଶℎ

ℎ =
4

𝑤ଶ
⎯⎯⎯

𝑉 = 8𝑚ଷ

𝐿 = 2𝑤

𝑆𝐴∗ = 2𝑤ଶ + 6𝑤ℎ

𝑆𝐴 = 2𝑤ଶ + 6𝑤 ൬
4

𝑤ଶ
⎯⎯⎯൰

𝑆𝐴 = 2𝑤ଶ + 24𝑤ିଵ

𝐶 = 2𝑤ଶ × 4.5 + 24𝑤ିଵ × 6
𝐶 = 9𝑤ଶ + 144𝑤ିଵ

𝐶ᇱ = 18𝑤 − 144𝑤ିଶ

 0 = 18𝑤(1 − 8𝑤ିଷ)

𝐶𝑜𝑠𝑡 = 𝐴𝑟𝑒𝑎 ×
𝐶𝑜𝑠𝑡

𝐴𝑟𝑒𝑎
⎯⎯⎯⎯⎯

𝑤 = 0 1 − 8𝑤ିଷ = 0

                1 =
8

𝑤ଷ
⎯⎯⎯

               𝑤 = 2𝑚

20 ∞

𝐶

𝐶′ 0

(∞, ∞)(0ା, ∞)
(2,108)
Abs Min

− + 0 > 𝑥 > ∞
Domain

ℎ =
4

2ଶ
⎯⎯

ℎ = 1𝑚

𝐶 = 9𝑤ଶ + 144𝑤ିଵ

𝐶 = 9(2)ଶ + 144(2)ିଵ

𝐶 = $108

𝐴∗ = 600𝑚ଶ

𝐴 𝑃 𝐵

𝐶

3

𝑥5 − 𝑥$50

𝑚
⎯⎯⎯

$80

𝑚
⎯⎯⎯

𝐶𝑜𝑠𝑡 = 𝑙𝑒𝑛𝑔𝑡ℎ ×
𝑐𝑜𝑠𝑡

𝑙𝑒𝑛𝑔𝑡ℎ
⎯⎯⎯⎯⎯⎯           𝐶 = 50(5 − 𝑥) + 80ඥ𝑥ଶ + 9

⎯⎯⎯⎯⎯⎯ 

         𝐶ᇱ = −50 +
80(2𝑥)

2√𝑥ଶ + 9
⎯⎯⎯⎯⎯⎯ ⎯⎯⎯⎯⎯⎯⎯⎯

           0 = ⋯

        50 =
80𝑥

√𝑥ଶ + 9
⎯⎯⎯⎯⎯⎯ ⎯⎯⎯⎯⎯⎯⎯

       8𝑥 = 5ඥ𝑥ଶ + 9
⎯⎯⎯⎯⎯⎯ 

  64𝑥ଶ = 25𝑥ଶ + 225
…
          𝑥 = 0.416

ඥ𝑥ଶ + 9
⎯⎯⎯⎯⎯⎯ 

Pipeline across land then water.

Land

Water

𝑀𝑖𝑛 𝐶𝑜𝑠𝑡 𝐴 → 𝐶

𝐶 = 50(5 − 𝑥) + 80ඥ𝑥ଶ + 9
⎯⎯⎯⎯⎯⎯ 

𝐶 = 50(5 − 0.416) + 80ඥ0.416ଶ + 9
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ 

𝐶 = $229.20

𝐶 = 50(5 − 𝑥) + 80ඥ𝑥ଶ + 9
⎯⎯⎯⎯⎯⎯ 

𝐶 = 50(5 − 0) + 80ඥ0ଶ + 9
⎯⎯⎯⎯⎯⎯ 

𝐶 = $290

Check End Points

𝐶 = 50(5 − 𝑥) + 80ඥ𝑥ଶ + 9
⎯⎯⎯⎯⎯⎯ 

𝐶 = 50(5 − 5) + 80ඥ5ଶ + 9
⎯⎯⎯⎯⎯⎯ 

𝐶 = $466.48
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𝑓(𝑥)

𝑓′(𝑥)

𝑓′′(𝑥)

A function
ie. Position

A derivative function
   ie. Velocity

A Second derivative function
         ie. Acceleration

Find 𝑓(𝑥)
intervals of :
-increase
-decrease.

Find where 
𝑓(𝑥) is 
concave :
-up
-down

Find where 
𝑓(𝑥) has a 
relative :
-maximum
-minimum

Find where 
𝑓(𝑥) has a :
-maximum
-minimum

Find out where 
𝑓(𝑥) has a 
point of 
inflection.

Find 𝑓′(𝑥)
intervals of :
-increase
-decrease.

Find 𝑓(𝑥)
intervals of :
-increase
-decrease.

Find out where 
𝑓(𝑥) has a 
point of 
inflection.

Find where 
𝑓(𝑥) is concave
-up
-down

Find where 
𝑓(𝑥) is 
concave :
-up
-down

𝐼𝑛𝑐 ∶ (−2,1)𝑈(2,4)

𝐷𝑒𝑐 ∶ (−1,2)

𝑓(𝑥) 𝐼𝑛𝑐 ∶ 𝑓ᇱ(𝑥) > 0

𝑓(𝑥) 𝐷𝑒𝑐 ∶ 𝑓ᇱ(𝑥) < 0

𝑓(𝑥) 𝑀𝑎𝑥 ∶ 𝑓ᇱ(𝑥) = 0
& 𝑓′(𝑥) > 0 → 𝑓′(𝑥) < 0

𝑓(𝑥) 𝐶𝑜𝑛𝑐 𝑢𝑝 ∶ 𝑓"(𝑥) > 0

𝑓(𝑥) 𝐶𝑜𝑛𝑐 𝑑𝑜𝑤𝑛 ∶ 𝑓"(𝑥) > 0

IP
CP

CP

𝐶𝑜𝑛𝑐 𝑢𝑝 ∶ (1,3)

𝐶𝑜𝑛𝑐 𝐷𝑜𝑤𝑛 ∶ (−2,1)𝑈(3,4)

𝑓(𝑥) 𝑀𝑎𝑥 ∶ (−1,1)

𝑓(𝑥) 𝑀𝑖𝑛 ∶ (2, −2)

𝑓(𝑥) 𝑀𝑖𝑛 ∶ 𝑓ᇱ(𝑥) = 0
& 𝑓′(𝑥) < 0 → 𝑓′(𝑥) > 0

𝑓(𝑥) 𝐼𝑛𝑐 ∶ 𝑓ᇱ(𝑥) > 0

𝐼𝑛𝑐 ∶ (−1,0)𝑈(2,5)

𝐷𝑒𝑐 ∶ (0,2)

𝑓(𝑥) 𝐷𝑒𝑐 ∶ 𝑓ᇱ(𝑥) < 0

𝑓"(𝑥) = 0 &

𝑓′(𝑥) 𝐼𝑛𝑐 ∶ 𝑓ᇱᇱ(𝑥) > 0

𝐼𝑛𝑐 ∶ (1,4)

𝐷𝑒𝑐 ∶ (−1,1)𝑈(4,5)

𝑓′(𝑥) 𝐷𝑒𝑐 ∶ 𝑓ᇱᇱ(𝑥) < 0

𝑓ᇱ(𝑥) 𝑚𝑎𝑥 𝑓ᇱ(𝑥) 𝑚𝑖𝑛

𝑥 = 4

𝑓"(𝑥) > 0 → 𝑓′′(𝑥) < 0 𝑓"(𝑥) < 0 → 𝑓′′(𝑥) > 0

IP
IP

OR OR

𝑥 = 1

𝑓"(𝑥) > 0

𝑓(𝑥) 𝐶𝑜𝑛𝑐 𝑢𝑝 ∶

𝑓(𝑥) 𝐶𝑜𝑛𝑐 𝑑𝑜𝑤𝑛 ∶
𝑓"(𝑥) < 0

𝑓ᇱ(𝑥) = 0 &

𝑓ᇱ(𝑥) > 0 → 𝑓ᇱ(𝑥) < 0

𝑓ᇱ(𝑥) > 0 → 𝑓ᇱ(𝑥) < 0

𝑓(𝑥) ∶ 𝑀𝑎𝑥

𝑓(𝑥) ∶ 𝑀𝑖𝑛

𝑥 = 0

𝑥 = 2 𝑓ᇱ(𝑥) 𝑚 < 0

𝑓ᇱ(𝑥) 𝑚 > 0

𝐶𝑜𝑛𝑐 𝑢𝑝 ∶ (1,4)

𝐶𝑜𝑛𝑐 𝑑𝑜𝑤𝑛 ∶ (−1,1)𝑈(4,5)

𝑓"(𝑥) = 0 &

𝑓"(𝑥) > 0 → 𝑓′′(𝑥) < 0 𝑓"(𝑥) < 0 → 𝑓′′(𝑥) > 0

𝑥 = −1𝑥 = 1

𝑓"(𝑥) > 0

𝑓(𝑥) 𝐶𝑜𝑛𝑐 𝑢𝑝 ∶ 𝑓(𝑥) 𝐶𝑜𝑛𝑐 𝑑𝑜𝑤𝑛 ∶
𝑓"(𝑥) < 0

𝐶𝑜𝑛𝑐 𝑢𝑝 ∶ (−1,1) 𝐶𝑜𝑛𝑐 𝑑𝑜𝑤𝑛 ∶ (−2, −1)𝑈(1,3)𝑈(3,4)

𝑓(𝑥) 𝑚 > 0

𝑓(𝑥) 𝑚 < 0

𝑓′(𝑥) 𝑚 > 0

𝑓ᇱ(𝑥) 𝑚 < 0

𝑓ᇱ(𝑥) 𝑚 > 0 → 𝑓ᇱ(𝑥) 𝑚 < 0 𝑓ᇱ(𝑥) 𝑚 < 0 → 𝑓ᇱ(𝑥) 𝑚 > 0

𝑙𝑒𝑡 𝑚 = 𝑠𝑙𝑜𝑝𝑒

OR
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